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Fractal properties of 5526 different protein chains are investigated. Characteristic fractal behavior for dif-
ferent molecular systems is obtained from the fractal dimension analysis, which shows that the dimension is
d=2.47. This dimension gives a measure of the protein compactness. The present finding indicates that the
fractal analysis describes some structural properties of proteins and corroborates the explanation about multi-
fractality in the energy hypersurface.
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It is well known that a molecular system has a great num-
ber of conformation minima in the energy hypersurfacef1–5g
that increases with the number of degrees of freedom in the
molecular system. In this context, the biological activity de-
pends on the spatial conformation taken by the macromol-
ecules in the physiological medium. The action of hormones
and drugs is also dependent on the molecular three-
dimensional structure of the target molecules. However, in
analyzing the self-similarityf6g of the protein chains, we
notice that the fractal dimension is independent of the num-
ber of degrees of freedom, and biological activity, among
others characteristics of the proteins. Therefore, the fractality
is an intrinsic and universal characteristic of protein chains.

Protein folding is driven by hydrophobic forcesf7g. Latt-
man and Rosef8g analyzed globular proteins and concluded
that the native fold determines the packing but packing does
not determine the native fold. This view is corroborated by
the widespread occurrence of protein families whose mem-
bers assume the same fold without having a sequence simi-
larity. Evidently, there is a large number of ways in which the
internal residues can pack together efficiently.

As a consequence of steric constraints in compact poly-
mers, helical and sheets structures appearf9g. Exhaustive
simulations of the conformations indicate that the proportion
of helices and sheets increases dramatically with the number
of intrachain contactsf7g. In this way, the folding funnel
theoryf10g describes the thermodynamics and kinetic behav-
ior of the transformation of unfolded molecule to the native
state, and increases the number of native contacts. The fold-
ing funnel theory shows that any polypeptide chain explores
the folding routes toward the native structure through inter-
mediates consisting of population of partially folded species
whose number decreases as the protein navigates down to the
minimum of the energy landscapef10g.

There is considerable discussion in the literature regard-
ing the “old” and “new” views of protein foldingf11–19g.
The old view assumes that a small number of well-defined
folding pathways exists and that folding is a hierarchical
assembly process; e.g., the random coil first forms secondary
structures, which are then organized into the native tertiary
structure. In the new view, structurally less well-defined en-
sembles progress to the native state along multiple pathways.
Zhou and Karplusf17,18g show that the specific behavior for

small a-helical proteins depends on the optimization of the
system. Thus, for a highly optimized model, the old view
provides a satisfactory description. Folding proceeds through
a small number of structurally well-defined pathways that
begin with helix formation; this is followed by the formation
of two-helix microdomains and docking of the third helix on
two-helix microdomains to form the native structure. Less
optimized models have a collapse to a disordered globulelike
intermediate and do not have a well-defined folding pattern.
There are many different ways for the collapsed globule to
reach the native state, in accordance with the new view of
protein folding. It thus appears that even for smalla-helical
proteins a wide range of mechanisms that encompasses both
the old and new views are possible.

In this paper we are mainly interested in investigating the
self-similarity present in 5526 different protein chains depos-
ited in the Brookhaven Protein Data Bank. Our strategy is to
measure the average radius of each chain as a function of the
mass of each protein chain. This intrinsic characteristic of the
protein structures must be responsible for the explanation of
several aspects of those molecules, like the high compactness
of those molecules, that has been discussed in the last decade
in several different contextsf9,10,15,20–23g. This has finally
been measured, as this compactness is given by the relation
between the average radius and the mass of the protein
chains. We describe this compactness via the mass-size ex-
ponentsfractal dimensiond f24g, i.e., via the relation between
the average radius and the mass of protein chains, as the
following:

Mi
j = kikRi

jld, s1d

whereMi
j is the mass of thej th protein chain belonging to

the ith protein andkRi
jl is the corresponding average radius,

i.e., the average distance from the geometric center for all
coordinates.

The compact folded structure presents an elegant fractal
behavior that determines how compact the folded protein is,
as shown in Fig. 1. This figure depicts the behavior of the
average radius as a function of the mass of 5526 analyzed
protein chains. From this figure, the fractal dimension of the
protein chains isd=2.47±0.03. This fractal dimension sup-

PHYSICAL REVIEW E 71, 012901s2005d

1539-3755/2005/71s1d/012901s3d/$23.00 ©2005 The American Physical Society012901-1



plies us with the measure of how compact the proteins are.
Using Voronoi tesselationf25g, it is possible to show that the
volume of the molecular surface in the function of the radius
obeys a power law withd=2.47, which is exactly the same
as we found. It is interesting to note that this value of the
fractal dimension is smaller than the value obtained by nor-
mal objects in the normal ordinary Euclidean space.

Therefore, the atoms that compose the protein are distrib-
uted in this fractal object that represents the volume of the
macromolecule. In this context, the interactions between
these atoms carry over into a multifractality in the energy
hypersurface. We recall that the main variables in the multi-
fractal formalism are obtained from the relations

Nqs«d , «−fsaqd s2d

and

Pq , «aq, s3d

where fsaqd is the fractal dimension of the subset andaq

measures the intensity.
Recently, the multifractality of the energy hypersurface of

peptides and of the proteins was measuredf4g. It was shown
that the proteins adopt conformations in the energy hypersur-
face only in allowed regions from thefsad spectrum. There-
fore, the energy hypersurface determines allowedsand not-
allowedd regions that depend on the protein size, i.e., the
number of degrees of freedom in the molecular system, as
shown in Fig. 2. From this figure we observe that the inter-
actions between atoms allow the proteins to map the space
according to their size, i.e., as the hypersurface increases
with the number of degrees of freedom in the system, these
polypeptides present a poor capability to populate this hyper-
surfacef4g.

We recall that the energy hypersurface is a multifractal
object not only due to the different normal modes of vibra-
tion existent in the protein structure, but also due to the sup-
port being a fractal object. In several scales the interactions
among the atoms that compose the protein transform the en-
ergy hypersurface into a multifractal object.

Feder and co-workersf26,27g studied the aggregation of
immunoglobulin proteins of IgG type using light scattering.
They concluded that the cluster fractal dimension is
d=2.53±0.3 for the IgG aggregates. The main difference
from our analysis is that they did not calculate the interface
volume; therefore, the fractal dimension was overestimated,
in relation to the mass-size fractal dimension of the proteins.
From the Flory exponent, Creameret al. f28g showed the
compactness in protein segmentssfor 26øNø40d without
measuring the compactness of the proteins. On the other
hand, fractal behavior is related to the anomalous tempera-
ture dependence of the Raman spin-lattice relaxation rates
f4,29–31g, because an ionic strength solution changes the
temperature dependence.

Hence the compactness of the protein chains turns the
geometry of these molecules fractal. It is interesting to point
out that independent of the origin of the molecule, its family,
or the organism where it was expressed, each chain of a
protein obeys a power law with the characteristic exponent
d=2.47±0.03. In this fractal geometry the atoms that com-
pose the protein interact, making the energy hypersurface a
multifractal object.

Finally, we would like to comment that both the “old” and
“new” views of protein folding are contemplated in this mul-
tifractal structure of the energy hypersurface. Experiments
are crucial for determining the best description of the folding
mechanism for specific proteins.

FIG. 1. The behavior of the average radius as a function of the
mass of 5526 proteins chains. Each chain obeys the fractal dimen-
sion d=2.47±0.03, with the correlation coefficient of PearsonR
=0.91.

FIG. 2. The shape of the information dimension for some sys-
temsf4g. Above the tangent line defined byfsa1d /a1 no values of
fsad are possible.
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